Electron spin relaxation in graphene on a substrate is investigated from the microscopic kinetic spin Bloch equation approach. All the relevant scatterings, such as the electron-impurity, electronacoustic-phonon, electron-optical-phonon, electron-remote-interfacial-phonon, as well as electronelectron Coulomb scatterings, are explicitly included. Our study concentrates on clean intrinsic graphene, where the spin-orbit coupling from the adatoms can be neglected. We discuss the effect of the electron-electron Coulomb interaction on spin relaxation under various conditions. It is shown that the electron-electron Coulomb scattering plays an important role in spin relaxation at high temperature. We also find a significant increase of the spin relaxation time for high spin polarization even at room temperature, which is due to the Coulomb Hartree-Fock contribution-induced effective longitudinal magnetic field. It is also discovered that the spin relaxation time increases with the inplane electric field due to the hot-electron effect, which is different from the non-monotonic behavior in semiconductors. Moreover, we show that the electron-electron Coulomb scattering in graphene is not strong enough to establish the steady-state hot-electron distribution widely used in the literature and an alternative approximate one is proposed based on our computation.
I. INTRODUCTION
Graphene, as a strictly two-dimensional material, has revealed a cornucopia of new physics and potential applications, and thus has attracted much attention in recent years.
1 This material is also important for spintronics since the spin relaxation time (SRT) in intrinsic graphene is expected to be very long. The underlying reason is the low hyperfine interaction of the spin with the carbon nuclei (natural carbon only contains 1%
13 C with spin) and the weak spin-orbit coupling (SOC) due to the low atomic number.
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The study of spin relaxation in graphene is still in the initial stage. Some investigations have been performed on the spin relaxation due to the D'yakonov-Perel' (DP) mechanism 8 in graphene. [9] [10] [11] This relaxation mechanism is from the joint effects of the momentum scattering and the momentum-dependent spin-orbit field (inhomogeneous broadening 12, 13 ). However, the previous investigations are all in the framework of single-particle approach, thus the electron-electron Coulomb scattering, which has been demonstrated to be very important for the spin relaxation in bulk and low-dimensional semiconductor systems, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] was not included. Understanding the effect of the electron-electron Coulomb scattering on spin relaxation in graphene is an important problem. In addition, the Coulomb Hartree-Fock (HF) term acts as an effective longitudinal magnetic field, and hence can increase the SRT by more than one order of magnitude for high initial spin polarization in semiconductors at low temperature. [14] [15] [16] [17] 20 Whether it is still valid in graphene remains unchecked. Also, in semiconductors the spin relaxation can be effectively manipulated by the high inplane electric field. [18] [19] [20] How the in-plane electric field affects the spin relaxation in graphene is also unclear. In the present paper, we investigate the spin relaxation in graphene from the microscopic kinetic spin Bloch equation (KSBE) approach, 13 which has achieved much success in the study of the spin dynamics in semiconductors. Via this approach, we can explicitly include all the relevant scatterings, especially the electron-electron Coulomb scattering, and understand the physics raised above.
It is also noted that there is a significant discrepancy between the existing theories and the recent spin transport experiments. [25] [26] [27] [28] These experiments reported the SRTs of only about 150 ps, at least one order of magnitude shorter than the lowest value obtained in the theory. [9] [10] [11] This suggests that the SRTs obtained in the recent experiments are likely to be limited by an extrinsic mechanisms, e.g., the local spin-orbit field from the adatoms. 10, 11, 29 In this paper we concentrate on the relatively cleaner graphene samples by choosing low impurity densities which give a mobility higher than the values in the latest experiments, so that the effect of the adatoms can be neglected. This paper is organized as follows. In Sec. II, we present the model and introduce the KSBEs. Then in Sec. IIIA, we discuss the effect of the electron-electron Coulomb interaction on spin relaxation at various temperature, electron density, initial spin polarization and in-plane electric field. We discuss the hot-electron distribution function in the steady state in Sec. IIIB. Finally, we summarize in Sec. IV.
II. MODEL AND KSBES
We start our investigation from a graphene layer on a SiO 2 substrate. The z-axis is set perpendicular to the graphene plane. A uniform electric field E and a uniform magnetic field B are applied along the x-and y-axes respectively (the Voigt configuration). Without the SOC and the external field, the band structure of graphene near the K and K ′ points can be described by the effective Hamiltonian ( ≡ 1)
Here µ = 1(−1) for K(K ′ ) valleys; v F is the Fermi velocity; k represents the two-dimensional wave vector relative to K(K ′ ) points; σ is the Pauli matrix in the pseudospin space formed by the A and B sublattices of the honeycomb lattice. The eigenvalues of H µ 0 are ǫ µνk = νv F |k| with ν = 1(−1) for electron (hole) band. The corresponding eigenstates are ψ
T with θ k representing the polar angle of k. We introduce an orthogonal and complete basis set Ψ µν ks = ψ µν k ⊗ χ s with χ s being the eigenstate of the spin Pauli matrix s z . In this basis set, the total Hamiltonian including the SOC can be written as 11, 31 
where R = (x, y) is the electron position. c µν ks (c µν ks † ) is the annihilation (creation) operator of the state Ψ µν ks . e is the electron charge (e > 0). g = 2 is the effective Landé factor. The intrinsic SOC coefficient λ I = 0.012 meV is from the recent first-principle calculation.
7 From Eq. (2), it is seen that the intrinsic SOC only induces a shift of the energy spectrum of graphene. Ω k denotes the effective magnetic field due to the Rashba SOC, which reads
with α R = ζE z . The recent first-principle calculation gives ζ = 0.005 meV·nm/V. 7 The longitudinal electric field E z originates from the gate voltage and chemical doping. Here we choose a typical value in experiment E z = 300 kV/cm. 32, 33 It is noted that Ω k depends on the direction of k only, but is independent on the magnitude of k. Therefore the inhomogeneous broadening induced by the SOC does not change with the variation of temperature and electron density. This makes the temperature and electron-density dependences of the SRT in graphene very different from those in semiconductors.
13 The interaction Hamiltonian H int consists of the electron-impurity, electron-phonon as well as electron-electron Coulomb interactions. Their expressions are given in the appendix. In the derivation of Eq. (2), |ǫ µνk | ≫ α R + λ I is assumed and thus the terms between the electron and hole bands are neglected. This approximation is valid when the Fermi energy E F is much larger than 0.03 meV, 7, 11 which is usually fulfilled in gated or doped graphene. In our calculation, we restrict ourselves to the n-doped case (i.e., E F ≫ k B T ).
By using the nonequilibrium Green function method, 34 the KSBEs can be constructed as:
whereρ µk represent the density matrices of electron with the relative momentum k in valley µ, whose diagonal terms ρ µk,ss ≡ f µks (s = ± 1 2 ) represent the electron distribution functions and off-diagonal ones ρ µk,
describe the spin coherence. The coherent term is given by
k,k ′ I kk ′ρ µk ′ is the effective magnetic field from the Coulomb HF contribution.
14 The drift term can be written as
The scattering term ∂ tρµk | scat consists of the electronimpurity, electron-acoustic (AC)-phonon, electronoptical (OP)-phonon, electron-remote-interfacial (RI)-phonon as well as electron-electron Coulomb scatterings. These scattering terms are
In these equations,
with N λq representing the phonon number at lattice temperature. The form factor
III. RESULTS
The KSBEs with all the scatterings explicitly included can be solved self-consistently following the numerical scheme similar to that in semiconductors, detailed in the appendix of Ref. 18 . Then one can obtain the temporal evolution of the electron density matrix. The SRT T 1 and ensemble spin dephasing time T * 2 can be determined from the slopes of the envelopes of
) and ρ(t) = µk ρ µk
, respectively. 13, 36 Since the Rashba spin-orbit field is in the graphene plane, these two SRTs satisfy T * 2 = 2T 1 in the case without magnetic field. In the presence of an in-plane magnetic field, the spin relaxation becomes isotropic, i.e.,
. 13 In the following, we only show the SRT τ ≡ T 1 . Unless otherwise specified, we choose initial spin polarization P = 1 %, electron density N e = 7 × 10 11 cm −2 (E F = 100 meV), external magnetic field B = 0 and electric field E = 0. The effective impurity density is chosen to be N i = 2 × 10 11 cm −2 . The corresponding mobility is µ = 3×10 4 cm 2 /V·s at 100 K, which is of the same order of magnitude as those reported in the experiment 32 but one order of magnitude higher than those in the recent spin transport experiments.
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A. Effect of electron-electron Coulomb interaction on spin relaxation
In Fig. 1 , we plot the total SRT and the contributions from each individual scattering as function of temperature T . It is seen that the SRT changes little with temperature when T varies from 5 K to 100 K, and increases with increasing temperature when T > 100 K. The underlying physics is as follows. As said above, the inhomogeneous broadening does not change with temperature and electron density, therefore the temperature dependence of the SRT is determined by the momentum scattering: stronger momentum scattering leads to longer SRT in the strong scattering limit. 13 The electronimpurity scattering, which dominates the momentum scattering at low temperature, depends weakly on temperature. Thus the SRT varies very mildly with T . However, the electron-phonon and electron-electron Coulomb scatterings both increase with temperature, 21, 22, 37 and become comparable to the impurity scattering at high temperature. This enhances the momentum scattering and hence increases the SRT. It is noted that the electronelectron Coulomb scattering, which is absent in the previous investigations on spin relaxation in graphene,
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plays an important role in spin relaxation at high temperature. We also show that the electron-OP-phonon scattering is always negligible in the parameter regime of our investigation, which is consistent with the claim in the previous literature.
38,39
Then we turn to the electron-density dependence. In Fig. 2 , the total SRT and the contributions from various scatterings are plotted against the Fermi energy E F at T = 200 K. 40 It is seen that the SRT decreases first rapidly and then slowly with increasing E F . To understand the underlying physics, we first discuss the electron-density dependence of each individual scatter-ing. The electron-impurity scattering decreases with E F due to the decrease of the cross section. 41 The electronelectron Coulomb scattering also decreases with E F in the degenerate regime due to the increase of the Pauli blocking. 20 The electron-AC-phonon scattering increases with increasing E F since the matrix element (∼ q) and the density of states (∼ k) both increase with E F .
38 The electron-RI-phonon scattering varies slowly with E F due to the competition of the decrease in the matrix element and the increase in the density of states. 42 Under the joint effects of these factors, the behaviour in τ − E F curve is understood: the SRT first decreases rapidly with E F due to the decrease of the electron-impurity scattering, and then decreases slowly since the increase of the electron-AC-phonon scattering partially compensates the decrease of the impurity scattering.
The initial spin polarization dependence of the SRT is also investigated. In Fig. 3 , we plot the SRT versus initial spin polarization P at T = 20 K and 200 K. It is seen that the SRT increases rapidly with the increase of the initial spin polarization. By comparing the calculation with and without the Coulomb HF term, one can see that the increase of the SRT originates from the Coulomb HF term. The underlying physics is similar to the previous studies in semiconductors:
14 the Coulomb HF term serves as an effective magnetic field along the z-axis, which is described by
This effective magnetic field blocks the spin precession and slows down the spin relaxation. It is also shown that the SRT increases slower with P when temperature increases. This is because at high temperature the electrons are distributed to a wider range in k space, thus the effective magnetic field becomes smaller [see Eq. (10)] and the effect of the HF term is weakened.
14 It is noted that in graphene there is a considerable increase of the SRT with the initial spin polarization, even at room temperature. In contrast, in semiconductors the electron system is in the nondegenerate regime at room temperature (as the Fermi energy in semiconductor is only tens of meV), and thus the effect of the HF term becomes insignificant.
14 This means that the HF effective field is more pronounced in graphene compared with semiconductors. Since the effects of the HF term have been probed experimentally in semiconductors recently, [15] [16] [17] we expect they can be observed easily in graphene.
We also study the effect of the in-plane electric field on spin relaxation. In Fig. 4 , the SRT and the in-plane electric field E are plotted against the hot-electron temperature T e for lattice temperature T = 300 K and applied magnetic field B = 2 T. The hot-electron temperature is obtained by averaging the inverse of the slopes of g µks ≡ log(1/f st µks − 1) with k varying along different directions. Here f st µks represents the hot-electron distribution function in the steady state, whose expression will be discussed in the next subsection. From Fig. 4 , it is seen that the SRT increases monotonically with the electric field, which is very different from the complicated behavior in semiconductor quantum wells. 18, 21 In those systems, the high electric field induces two effects: (i) the drift of the electron distribution which enhances the inhomogeneous broadening as more electrons are distributed at larger k and the SOC increases with k; (ii) the hotelectron effect which enhances the momentum scattering. The former tends to decrease the SRT while the latter tends to increase. Therefore the electric field dependence of the SRT can be nonmonotonic. 18, 21 However, the spin-orbit field in graphene is independent on magnitude of k. Thus Effect (i) on spin relaxation is marginal, and the electric field dependence of the SRT is mainly from the hot-electron effect. Consequently the SRT increases monotonically with E . In addition, by comparing the calculation with and without the electron-electron Coulomb scattering at the same hot-electron temperature, one finds that the contribution to the SRT from the electron-electron scattering increases with increasing hot-electron temperature, which is consistent with the lattice temperature dependence discussed above.
B. Steady-state hot-electron distribution function
Previous investigations have shown that in the Boltzmann limit, the strong electron-electron Coulomb scattering can establish the steady-state hot-electron distribution function
where µ s stands for the chemical potential of electrons with spin s and u is the drift velocity. Recently Bistritzer and MacDonald applied this distribution function to study the charge transport in graphene. 44 However, whether the Coulomb scattering in graphene is strong enough to justify the validity of this distribution function remains unchecked. Since we can obtain the distribution function with the genuine Coulomb scattering explicitly computed, we check the validity of Eq. (11) here. It is noted, if Eq. (11) is valid, g µks ≡ log(1/f st µks − 1) = (v F |k|−u·k−µ s )/k B T e has a minimum around k = 0 and different slopes along different k-directions. In Fig. 5(a) , g µks is plotted against k varying along the direction of the electric field at E = 2 kV/cm and T = 300 K. One immediately finds that the hot-electron distribution function from our calculation is very different from Eq. (11): the minimum of g µks is away from the point of k = 0 and the slopes are close to each other when k varying along opposite directions. Based on the above property, we propose the approximate expression of the computed hot-electron distribution function as:
Correspondingly, g µks = (v F |k − u| − µ s )/k B T e . To examine our assumption, we also plot g µks from Eq. (12) in Fig. 5(a) and find that the computed hot-electron distribution function is in reasonable agreement with Eq. (12). In fact, for systems with parabolic energy dispersion, e.g., semiconductors in our previous investigations, 18, 20 Eqs. (11) and (12) are equivalent. However, for graphene with linear dispersion, these two distribution functions are quite distinct. It is noted that Eq. (12) is just used to estimate the hot-electron temperature. The SRT and hot-electron distribution in this investigation are explicitly computed from the KSBEs. In order to reveal the effect of Coulomb scattering to the steady-state hot-electron distribution, we introduce a dimensionless scaling coefficient χ in front of the electronelectron Coulomb scattering, with χ = 1 corresponding to the genuine case. We plot g µks against k along the direction of the electric field with different scaling coefficients χ in Fig. 5(b) . It is seen that with the increase of vs. k with the scaling coefficients χ = 1 (red solid curve), 2 (green dotted curve) and 10 (blue dashed curve).
χ, i.e., the electron-electron Coulomb scattering, the distribution function gets closer to Eq. (11). This indicates that in graphene the electron-electron Coulomb scattering is not strong enough to establish the hot-electron distribution Eq. (11).
IV. CONCLUSION AND DISCUSSION
In conclusion, we have investigated the spin relaxation in graphene from the microscopic KBSE approach, where all the relevant scatterings, especially the electronelectron Coulomb scattering, are explicitly included. We show that the SRT remains almost unchanged with increasing T at low temperature because the electronimpurity scattering, which dominates the momentum scattering, varies little with temperature. Nevertheless, the SRT increases with T at high temperature because the electron-electron and electron-phonon scatterings become comparable to the electron-impurity scattering and both scatterings increase with increasing T . We also show that the electron-electron Coulomb scattering plays an important role in spin relaxation at high temperature. It is also seen that the SRT first decreases rapidly with the increase of E F due to the decrease of the electronimpurity scattering, and then decreases mildly with E F since the increase of the electron-AC-phonon scattering partially counteracts the decrease of the electronimpurity scattering. We also predict a pronounced increase of the SRT at high spin polarization in the whole temperature regime of our investigation. The underlying physics is that the Coulomb HF term serves as an effective longitudinal magnetic field which blocks the spin precession and suppresses the spin relaxation. The effect of the in-plane electric field on spin relaxation is also investigated. It is shown that the SRT increases with the in-plane electric field due to the hot-electron effect. Moreover, we show that the electron-electron Coulomb scattering in graphene is not strong enough to establish the usual steady-state hot-electron distribution in the literature and an approximate one is suggested based on our computation. Now we address the effect of ripples on the spin relaxation. For graphene samples with an undulating surface, i.e. ripples, 45 an additional Rashba-type SOC, whose expression is the same as the electric field induced SOC, 4 appears. The SOC coefficient due to the curvature effect is estimated to be α curv ∼0.02 meV (0.2 K), 4 which is about two orders of magnitude larger than α R = 1.5 × 10 −4 meV used in our calculations. For the well-known relation 1/τ ∝ α 2 R for the DP mechanism, 8 one expects that the SRT is shortened by four orders of magnitude. Nevertheless, the additional SOC does not change the dependences of the SRT on the temperature and sample parameters, as well as the importance of the electron-electron Coulomb scattering.
Finally, it is noted that even after considering the SOC enhanced by the curvature effect, the SRTs from our calculation are still two orders of magnitude larger than those in recent spin transport experimental measurements. [25] [26] [27] [28] We stress that the range of impurity (adatom) density of the graphene samples we discuss is different from that in recent experiments, and therefore the dominant spin relaxation mechanism is also quite different. As mentioned above, the mechanism most likely limiting the SRTs in the recent experiments is the local spin-orbit field induced by the randomly distributed adatoms. The experimental and theoretical works 29, 46 showed that the SOC strength from the adatoms can reach 10 meV, which is about three orders of magnitude larger than the strength used in our calculations. The study on the effect of the adatoms on spin relaxation is beyond the scope of this investigation. It is further noted that the spin-related experiment in clean graphene is still missing, we expect that the effects presented in this manuscript can be confirmed by the future experiments in relatively cleaner graphene samples. A possible method to obtain the graphene sample with higher mobility is the epitaxial growth of graphene on SiC substrate. [47] [48] [49] Nevertheless in this system, some other factors must be taken into account, e.g., the scattering arising from the interfacial states. 49 The study in this system can be the future extension of this investigation.
In these equations, R j stands for the position of jth impurity; T
−qd is the electron-impurity interaction matrix element. Here Z i = 1 is the charge number of the impurity; the effective distance d of the impurity layer to the graphene sheet is chosen to be 0.4 nm. 
where V (0) q = 2πv F r s /q is the two-dimensional bare Coulomb potential with r s = 0.8. [50] [51] [52] As pointed out in Refs. 50 and 51, such small r s ensures the validity of the random phase approximation. Π(q, ω) is given by [56] [57] [58] [59] Π(q, ω) = It is noted that the interband contribution in screening cannot be neglected even in the n-doped case.
The electron-phonon interaction Hamiltonian takes the form (only the terms relevant to the electron band presented) 6 cm/s is acoustic phonon velocity and ρ m = 7.6 × 10 −8 g/cm 2 denotes graphene mass density.
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The value of deformation potential D is still in debate. The range of D obtained via various theoretical and experimental methods is from 4.5 to 30 eV.
39,60-66
Here we choose a moderate value D = 19 eV.
38,39,60
For the electron-RI-phonon scattering, |M q+qs I kk−q δ µµ ′ where q s = 4r s k F is the ThomasFermi screening length, 57 a = 1.42Å is the C-C bond distance. For SiO 2 substrate, the energy of the remote phonon modes are ω RI 1 = 59 meV and ω RI 2 = 155 meV; the corresponding dimensionless coupling parameters are g 1 = 5.4 × 10 −3 and g 2 = 3.5 × 10 −2 , respectively. 42 The matrix element of the electron-OPphonon scattering is described by |M 
